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EFFECTS OF NON-SINGULAR STRESS TERMS AND BIREFRINGENT
COEFFICIENT ON CAUSTICS UNDER VARIOUS
FRACTURE MODE LOADINGS

Ouk Sub Lee*, Min Ku Han* and Sung Kyung Hong*

(Received July, 1989)

This report investigates the effect of the first few higher-order, non-singular stress terms and the coefficient of optical anisotropy
on the shapes of the initial curves and the caustics in birefringent plates under Mode I and Mode 1] static loading conditions. For
Mode 1 and Mode II loading conditions, Williams stress function is employed to generate various theoretical initial curves and
caustics. Some experimentally obtained double caustics are compared to the theoretically generated double caustics. The agree-
ment is found to be good as far as the shapes of caustics are concerned although it is not easy, if not impossible, to distinguish the

effect of each higher-order terms.
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1. INTRODUCTION

The optical method of either reflected or transmitted
caustics has been successfully used in fracture mechanics
investigations. Potentially, this relatively new experimental
technique has application into a wide variety of problems,
covering static and dynamic crack propagation studies, some
elasticity problems, and contact stress analysis in both
opaque and transparent materials(Lee and Kwon, 1987;
Theocaris and Gdoutos, 1972). However, the above applica-
tions of the method of caustics are mostly confined within the
limit of elasticity problems.

Especially for linear elastic fracture problems, the stress
field at the vicinity of a crack tip was represented only by the
singular stress term, i.e., the stress intensity factor(SIF). Then
the relationship between the transverse diameter of the caus-
tics(D,) and the SIF under Mode | loading condition(X;) was
found to be K, o< D (Kalthoff, 1987). Recently Theocaris and
loakimidis(1979) studied the effect of non-singular stress field
on the size and shape of the caustics for optically isotropic
materials. Phillips and Sanford(1981) extended the similar
study into the optically anisotropic materials and found that
the transverse diameters of the inner and outer parts of the
double caustics had an average value essentially equal to the
transverse diameter of the single caustics of optically
isotropic material having the same optical constant.

This paper is further extending the study of Phillips and
Sanford(1981) by taking the variation of the initial curve into
consideration. Furthermore the change of shapes of caustics
and initial curves under Mode [ and mixed Mode loading
conditions associated with higher-order terms were also
systematically investigated. The Williams stress functicn
was utilized and the effect of optically anisotropic coeffi-
cient(£) was also incorporated(Williams, 1957).
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2. THEORETICAL

When a light ray transmits a transparent specimen plate of
thickness t, the initial point P is mapped at a point P’ on the
screen located Z, away from the specimen as shown in Fig. 1.

The above transformation in Fig.1 may be represented by
Kalthoff(1987).

¥ =M7 - Z, grad(4S) (1
where

M =magnification factor
Z, =distance between speciman and screen
A4S =optical path length change
=Ct[(0'1+o'z)i$(0'1_02)] 2)
C =elasto-optic material constant
o1, oz =principal stresses in the plane of the specimen
& =optical anisotropic constant
(=0 for optically isotropic materials)
(+0 for optically anisotropic materials)
(=0.223 for used Polycarbonate specimens under
the plane stress condition)
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Fig. 1 Geometry for the method of caustics
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An optical singular phenomenon occurs in the transforma-
— — .
tion of » to » whenever the Jacobian J(7, §) of the transfor-
mation vanishes, that is, a caustics is generated.

J(r,0)=0 (3

corresponds to the caustics determined by the substitution of
J(», &) =0 into the Eq. (1)

The stress distribution surrounding a crack tip under Mode
[, Mode [ or mixed Mode loading condition may be re-
presented by using Williams stress function(Williams, 1957).
The polar stress components derived from the Williams
stress function under mixed Mode loading condition may be
represented as

o7, O)=r?[A: f(r, ) +B: glr, 8]
+ A2[£2(6) + 22(0)]
+7’”2+[A3 f3(7’, 0)+Bs g3(7’, 6)]
+7r+[A. f(O) +Bs g.6)]
+7¥+[As folr, ) +Bs gs(r, 8)]

+72+[A5 f6(8)+Bs ge(ﬁ)] (4)

0'0(7’, 0) =F(r, A1, Az, A:;, Aq, As, AG,

B\, Bz, Bs, B, Bs, Bs) (5)
Z'rs(V, 9) = G(?", A], Az, As, Aq, As, As,

B, Bs, Bs, Bs, Bs, Bs) (6)

where

(7, 8 =polar coordinate at a crack tip
A, A, -+ =constants
B,, B:, --- =constants
fi, f2s - =arbitrary functions
£, &2, -+ =arbitrary functions

It can be shown that the sum and difference of the principal
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Fig. 2 Flow-chart for the determination of J(r, 8)=0

stresses take in the form, respectively.

01+ 0:=0r+ 06 - (7)
01— 0:=v (6r—04) 2+ 477" (8)

Substituting equations (7) and (8) into equation (1), we
obtain the equation of caustics. The initial curve, 7, associat-
ed with caustics for optically isotropic materials may be
obtained such that

r=(1L.5A M CtZs)*"® 9

under Mode I and with singular term A4, only.(Note : SIF is
imbedded in A,)

The introduction of the higher-order terms, mixed mode

loading conditions and optical anisotropy into the stress field
around the crack tip complicates the governing image equa-
tions, and thus does the initial curve equations.
The closed form solutions for both the initial curve and the
caustics may not be obtainable. A numerical technique such
as the half interval search(Hornbeck, 1975) was used to
determine initial curve by making

J(r, 8)=0 (10)

The half interval search technique was found to be suitable
to solve Eq.(10) since equation did not have troublesome
tangent points and it was possible to easily locate an approxi-
mate rough root. A flow-chart for this algorithm is shown in
Fig. 2.

The rs satisfying equation (10) were substituted into equa-
tion (1) to obtain corresponding points on the caustics.

3. RESULTS AND DISCUSSIONS

As a reference, inner and outer initial curves and caustics
were generated with singular term only. Figure 3(a,b) shows
theoretically generated caustics and initial curves together
with corresponding reference caustics and initial curves
under Mode | and Mode | loading conditions, respectively.
Fig. 4(a, b) shows the effect of the first non-singular term, 4.,
which is denoted by ¢, in Kobayashi and Ramulu(1981) on
both the initial curves and caustics under Mode | loading
condition. It is interesting to note that a transition region in
terms of the magnitude of A, exists for the variation of the
transverse diameter(D,) of the caustics regardiess of the sign
of A,. The effect of A; on both the initial curves and caustics
is shown in Fig. 5(a, b). It is noted that the transition region
dominates beyond a critical magnitude of A;= K. It is found
that the inner D, becomes bigger with increase of absolute
value of A,. On the contrary, the outer D, has opposite
tendency with the growth of A,. Therefore, the average of the
inner D, remains constant irrespective of the sign of A4, as
shown in Fig. 4(a, b) with dashed line.

However, the compensation phenomenon(appeared for A,)
does not occur in the case of A4;. Both the inner and the outer
D, increase and decrease corresponding to the positive and
negative A,, respectively. The same characteristic as that of
A, is found for A,. The higher-order terms 45 and A¢ have
the same influence on the caustics as that of A;. Figure 6
shows the lower bound of various higher-order terms affect-
ing shape of caustics under Mode | loading condition.

For the Mode | loading condition, the lower bound of



Reference Inner Initial Curve
Reference Outer Initial Curve

Inner Initial Curve
OQuter Initial Curve

Crack

EFFECTS OF NON-SINGULAR STRESS TERMS AND ---

161

Reference Inner Caustics
Reference Outer Caustics

Inner Caustics
Outer Caustics

Inner Caustics
Outer Caustics
Reference Inner Caustics
Reference Outer Caustics

Fig. 3 (a) Theoretically generated Mode | double caustics(A:
=—10K)
1.2
R = Radius of Initin] Curve in y'-direction
Dt- Transverse Diameter of Caustics
1.1
<, @ : Normallzed Inner R
a @ 1 Normalized lnner D /2
E 1.0 A t Normalized Outer R
" X : Normalized Outer D /2
i
]
=
i,

-0.1 -1 -10 -10? 103
A, ) (x K
(a)
Fig. 4 (a) (b) Normalized R and D./2
1.2
R = Redius of Initial Curve in y'-direction
Dt' Transverse Diameter of Caustice
11
~
<
)
a
°
8 10
-
!
g 0.9 & ! Normalized lnuer R
M : Normalized Inner Blll
& ¢ Normalized Outer R
X ¢ Normalized Outer Dlll
0.8
-0.1 -1 -10 -10? -10}
A )

(a)

Fig. 5 (a) (b) Normalized R and D./2vs.

(x X))

Inner Initial Curve
Outer Initial Curve

Reference Outer Initial Curve
Reference Inner Initial Curve

1

Fig. 3 (b) Theoretically generated Mode ] double caustics(B,=

—5Ku)
1.2
R = Radius of Inftisl Curve tn y'-dlrecticn
bt- Transverse Dlameler of Cauntlea
1.1
o
N
" N Ao aa
(-]
T Lo —— R RK
at B —— 850
-
»
H
M 660
i
£ 0.9 @ : Normalized Tuner R
@ ¢ Normalized loner D /2
4 : Normalfzed Outer R
X : Normalized Outer D /2
0.8
0.1 L 10 10? 107
AZ ) (x K‘)
(b)
vs. variation of A, for Mode | caustics
1.2
1.1
~
[N
o
A
3 o0
o @ : Normal)lzed Inner N
g @5 Normaltred loner D, /2
i 4 : Normalized Outer R
g oo X : Normalized Outer b,/2
R = Radius of Iuttial Curve fn y'-directlon
D:' Transverse Diameter of Caustics
0.8
0.1 1 10 102 10’
Ay (+) (x k)
(b)

variation of A; for Mode [ caustics



162

Ouk Sub Lee, Min Ku Han and Sung Kyung Hong

Magnitude of Higher—Order Terms (x Ll)

LRI ES ]

AZ I\,J

"4

A

Magnitude of Higher—Order Terms (x Lu)

10

=)

Jh

“A “5

Vartous Higher-Order Terms

Fig. 6 Lower bound of various higher-order terms
shape of caustics(Mode 1)

affecting

Various Higher-Order Terms

shape of caustics(Mode [ )

: Crack length

‘ Force

; {mm) X 100N

] 36.5 1.02

|

i

!

36.5 2. 04

i

|

| 36.5 3.06

|

|

[

|

! 55.5 1.02

! |
i I
1 |
|
|
| 55.5 2.04

i

|
l

Fig. 8 Variation of shape of caustics with various crack length(PC SEN specimen)

6

Lower bound of various higher-order terms affecting



EFFECTS OF NON-SINGULAR STRESS TERMS AND - 163

108
™ D/ o
S 1o o /
¢ e
@
3
& oss o
= T
a ot T
T ——— \\\\

'g —_— *\\\ — e
N o090 4 Tt T
— \'\\\
o A2\A .
2\ Ay
‘(}3 & Aa\Ay \
" oes o AaMA

¥ - As\Ay

+ : AsMAg

080 — v - - o]
0.10 0.20 0.3 0.40 0.50 0.60 0.70
Coefficient of Optical Anisotropy, (i)

Fig. 9 Normalized transverse diameter(D,) w.r.t. reference D,
vs. optical anisotropy for Mode | inner caustics

various higher-order terms affecting configuration of caustics
is shown in Fig. 7. The same compensation phenomenon as
that of Mode | loading conditions is found to be appeared in
the case of the higher-order terms such as By, Bs and Bs.
However, this effect does not occur in the case of Bs.

Figure 8 shows various caustics in Polycarbonate Single
Edge Notch specimens with varying crack lengths under
Mode | loading conditions. The experimental set-up for
these results may be conferred with Lee(1987). The photoelas-
tic fringe patterns obtained under the same experimental
conditions are inserted for reference. It is noted that the
shapes of caustics vary according to the crack lengths. The
quantitative experimental evaluation of the influence of
highter-order terms has yet to be done. However, it is inter-
esting to note that the shape of caustics with the crack length
of 55.5mm in Fig. 8 resembles to the theoretically generated
caustics shown in Fig. 3(a).

The effect of the higher-order terms and the coefficient of
optical anisotropy on the transverse diameter, D,, for mode
[ inner caustics is shown in Figure 9. It is found that the
increases in the magnitude of constant term(A4,) and coeffi-
cient of optical anisotropy have the opposite effects on the
shape of the caustics within the range of 1.25 A, < A4,<12.54,
with £=0.223 which is for the used Polycarbonate specimens
under the plane stress condition.

4. CONCLUDING REMARKS

The effect of the first few higher-order, non-singular stress

terms and the coefficient of optical anisotropy on the shapes
of the initial curves and the caustics in birefringent plates
under Mode | and Mode ] loading conditions was systemat-
ically studied by generating both theoretical caustics and
initial curves. Theoretically generated caustics with assumed
constants was found to be resembled to the experimentally
obtained caustics associate with varying crack lengths as far
as the shape of caustics is concerned. The methodology for
the extraction of more accurate stress intensity factors is
expected to be incorporated with the theoretically generated
caustics as done in this study including various higher-order
terms especially for the crack branching or curving study in
optically anisotropic matrerials. A numerical procedure
should be carried out to determine appropriate stress inten-
sity factors and the higher-order terms by using the method of
caustics in relatively brittle materials.
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